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1. Ea
h of 100 people played one game with ea
h of the other 99 people: 
hess with 33 people, 
he
kers with another

33 people, and ba
kgammon with the remaining 33. Prove that there are three people A, B, C su
h that A and B played


hess, B and C played 
he
kers, C and A played ba
kgammon.

2. In a 
y
li
 quadrilateral ABCD the bise
tors of angles ACB, ADB, CBD, CAD are drawn. They interse
t the

sides of the quadrilateral at points X , Y , Z, T . Prove that X , Y , Z, T are 
on
y
li
.

3. Prove that no quadrati
 trinomial 
an be represented as a produ
t of a �nite number of periodi
al fun
tions.

The following two problems are presented with solutions, whi
h may be partially or entirely in
orre
t. Review and mark

these solutions. Your marks should be fully explained.

4. The numbers a, b, 
, d satisfy a

2

+ b

2

+ 


2

+ d

2

= 4. Prove that (2 + a)(2 + b) > 
d.

Solution. Obviously the absolute values of a, b, 
, d do not ex
eed 2.

Sin
e 


2

+ d

2 > 2
d we have a

2

+ b

2

+ 2
d 6 4. On the other hand, a

2

+ b

2 > 2ab, therefore, if in the inequality

2
d 6 4− a

2

− b

2

= 4− 4 + 4 + 4a− 4a+ 4b− 4b− (a

2

+ b

2

) + (a

2

+ b

2

)− (a

2

+ b

2

)

we diminish the subtra
ted term, the di�eren
e in
reases, thus 2
d 6 4 − 4 + 4 + 4a − 4a + 4b − 4b − (a

2

+ b

2

) + 2ab −

(a

2

+ b

2

) = (8 + 4a + 4b + 2ab) − (2a

2

+ 4a + 2) − (2b

2

+ 4b + 2). The latter inequality 
an be written in the form


d 6 (2 + a)(2 + b) − (a + 1)

2

− (b + 1)

2

. Dis
arding the subtra
ted squares 
an not diminish the right hand side, thus


d 6 (2 + a)(2 + b), q.e.d.

5. A hotel manager has keys of �ve rooms. Unfortunately he lost the tags. What minimum number of trials is 
ertainly

suÆ
ient to �nd keys of all rooms?

ïÔ×ÅÔ: 10.

òÅÛÅÎÉÅ. To �nd the keys in 10 trials, the manager 
an try all the keys with the �rst room (if 4 trials are unsu

essful,

the remaining key must be the right one, that is, �nding the key of the �rst room 
an not require more than 4 trials), then

try the remaining keys with the se
ond room (the right key is surely found in 3 trials) and so on.

Any smaller number of trials 
an be insuÆ
ient: if we try only three keys with the �rst room, they 
an be all wrong,

and ea
h of the remaining two keys 
an be the right one. Therefore, to �nd the �rst key we need at least 4 trials. After that

we need at least 3 trials to �nd the se
ond key and so on.



íÅÖÄÕÎÁÒÏÄÎÁÑ ÏÌÉÍ�ÉÁÄÁ ÕÞÉÔÅÌÅÊ ÍÁÔÅÍÁÔÉËÉ, ÆÉÚÉËÉ É ÉÎÆÏÒÍÁÔÉËÉ

áÌÍÁÔÙ, 10 ÑÎ×ÁÒÑ 2020 Ç.

1. ëÁÖÄÙÊ ÉÚ 100 ÞÅÌÏ×ÅË ÓÙÇÒÁÌ Ó ÏÓÔÁÌØÎÙÍÉ 99 �Ï �ÁÒÔÉÉ × ÎÁÓÔÏÌØÎÕÀ ÉÇÒÕ: Ó 33 × ÛÁÈÍÁÔÙ, Ó 33 × ÛÁÛËÉ

É Ó 33 × ÎÁÒÄÙ. äÏËÁÖÉÔÅ, ÞÔÏ ÓÒÅÄÉ ÎÉÈ ÅÓÔØ ÔÒÉ ÞÅÌÏ×ÅËÁ A, B É C ÔÁËÉÅ, ÞÔÏ A ÓÙÇÒÁÌ Ó B × ÛÁÈÍÁÔÙ, B Ó C { ×

ÛÁÛËÉ, Á C Ó A { × ÎÁÒÄÙ.

2. ÷Ï ×�ÉÓÁÎÎÏÍ ÞÅÔÙÒ£ÈÕÇÏÌØÎÉËÅ ABCD �ÒÏ×ÅÄÅÎÙ ÂÉÓÓÅËÔÒÉÓÙ ÕÇÌÏ× ACB, ADB, CBD É CAD. ïÎÉ �Å-

ÒÅÓÅËÁÀÔ ÓÔÏÒÏÎÙ ÞÅÔÙÒ£ÈÕÇÏÌØÎÉËÁ × ÔÏÞËÁÈ X , Y , Z É T . äÏËÁÖÉÔÅ, ÞÔÏ ÔÏÞËÉ X , Y , Z É T ÌÅÖÁÔ ÎÁ ÏÄÎÏÊ

ÏËÒÕÖÎÏÓÔÉ.

3. äÏËÁÖÉÔÅ, ÞÔÏ ÎÉËÁËÏÊ Ë×ÁÄÒÁÔÎÙÊ ÔÒ£ÈÞÌÅÎ ÎÅÌØÚÑ �ÒÅÄÓÔÁ×ÉÔØ × ×ÉÄÅ �ÒÏÉÚ×ÅÄÅÎÉÑ ËÏÎÅÞÎÏÇÏ ÞÉÓÌÁ �ÅÒÉ-

ÏÄÉÞÅÓËÉÈ ÆÕÎË�ÉÊ.

óÌÅÄÕÀÝÉÅ Ä×Å ÚÁÄÁÞÉ �ÒÅÄÌÁÇÁÀÔÓÑ Ó ÕÖÅ ÎÁ�ÉÓÁÎÎÙÍÉ ÒÅÛÅÎÉÑÍÉ, ×ÏÚÍÏÖÎÏ, ÞÁÓÔÉÞÎÏ ÉÌÉ �ÏÌÎÏÓÔØÀ ÏÛÉ-

ÂÏÞÎÙÍÉ. ðÒÏ×ÅÒØÔÅ É Ï�ÅÎÉÔÅ ÜÔÉ ÒÅÛÅÎÉÑ. ÷ÁÛÉ Ï�ÅÎËÉ ÄÏÌÖÎÙ ÂÙÔØ �ÉÓØÍÅÎÎÏ ÏÂÏÓÎÏ×ÁÎÙ.

4. þÉÓÌÁ a, b, 
 É d ÔÁËÏ×Ù, ÞÔÏ a

2

+ b

2

+ 


2

+ d

2

= 4. äÏËÁÖÉÔÅ, ÞÔÏ (2 + a)(2 + b) > 
d.

òÅÛÅÎÉÅ. ïÞÅ×ÉÄÎÏ, ÍÏÄÕÌØ ËÁÖÄÏÇÏ ÉÚ ÞÉÓÅÌ a, b, 
 É d ÎÅ �ÒÅ×ÏÓÈÏÄÉÔ 2.

�ÁË ËÁË 


2

+ d

2 > 2
d, ÉÍÅÅÍ a

2

+ b

2

+ 2
d 6 4. ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, a

2

+ b

2 > 2ab, É, ÅÓÌÉ × ÎÅÒÁ×ÅÎÓÔ×Å

2
d 6 4− a

2

− b

2

= 4− 4 + 4 + 4a− 4a+ 4b− 4b− (a

2

+ b

2

) + (a

2

+ b

2

)− (a

2

+ b

2

)

ÚÁÍÅÎÉÔØ ×ÙÞÉÔÁÅÍÏÅ ÍÅÎØÛÉÍ, ÔÏ ÒÁÚÎÏÓÔØ Õ×ÅÌÉÞÉÔÓÑ, �ÏÜÔÏÍÕ 2
d 6 4 − 4 + 4 + 4a − 4a + 4b − 4b − (a

2

+ b

2

) +

2ab − (a

2

+ b

2

) = (8 + 4a + 4b + 2ab) − (2a

2

+ 4a + 2) − (2b

2

+ 4b + 2). ðÏÓÌÅÄÎÅÅ ÎÅÒÁ×ÅÎÓÔ×Ï �ÒÅÏÂÒÁÚÕÅÔÓÑ Ë ×ÉÄÕ


d 6 (2+a)(2+ b)− (a+1)

2

− (b+1)

2

. ïÔÂÒÁÓÙ×ÁÑ ×ÙÞÉÔÁÅÍÙÅ Ë×ÁÄÒÁÔÙ, ËÏÔÏÒÙÅ ÎÅÏÔÒÉ�ÁÔÅÌØÎÙ, ÍÙ ÎÅ ÕÍÅÎØÛÉÍ

�ÒÁ×ÕÀ ÞÁÓÔØ, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, 
d 6 (2 + a)(2 + b), ÞÔÏ É ÔÒÅÂÏ×ÁÌÏÓØ ÄÏËÁÚÁÔØ.

5. õ ËÏÍÅÎÄÁÎÔÁ ÏÂÝÅÖÉÔÉÑ ÅÓÔØ Ó×ÑÚËÁ Ó ËÌÀÞÁÍÉ ÏÔ �ÑÔÉ ËÏÍÎÁÔ. ë ÓÏÖÁÌÅÎÉÀ, ÂÉÒËÉ ÏÔ ËÌÀÞÅÊ ÏÔÏÒ×ÁÎÙ.

ëÁËÏÇÏ ÎÁÉÍÅÎØÛÅÇÏ ËÏÌÉÞÅÓÔ×Á �ÒÏÂ È×ÁÔÉÔ, ÞÔÏÂÙ ÕÚÎÁÔØ, ËÁËÏÊ ËÌÀÞ ÏÔ ËÁËÏÊ ËÏÍÎÁÔÙ?

ïÔ×ÅÔ: 10.

òÅÛÅÎÉÅ. úÁ 10 �ÒÏÂ ËÌÀÞÉ ÍÏÖÎÏ �ÏÄÏÂÒÁÔØ ÔÁË: �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ×ÓÔÁ×ÌÑÔØ ËÌÀÞÉ × �ÅÒ×ÙÊ ÚÁÍÏË (ÅÓÌÉ

�ÅÒ×ÙÅ 4 ËÌÀÞÁ ÎÅ �ÏÄÏÊÄÕÔ, ÔÏ �ÑÔÙÊ ÇÁÒÁÎÔÉÒÏ×ÁÎÎÏ �ÏÄÈÏÄÉÔ, ÓÌÅÄÏ×ÁÔÅÌØÎÏ ËÌÀÞ ÏÔ ÜÔÏÇÏ ÚÁÍËÁ ÂÕÄÅÔ Ï�ÒÅÄÅÌ£Î

ÎÅ ÂÏÌÅÅ, ÞÅÍ ÚÁ 4 �ÒÏÂÙ), ÏÔÌÏÖÉÔØ ËÌÀÞ ÏÔ �ÅÒ×ÏÇÏ ÚÁÍËÁ, Á ÏÓÔÁÌØÎÙÅ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ×ÓÔÁ×ÌÑÔØ ×Ï ×ÔÏÒÏÊ ÚÁÍÏË

(ÎÕÖÎÙÊ ËÌÀÞ ÂÕÄÅÔ Ï�ÒÅÄÅÌ£Î ÎÅ ÂÏÌÅÅ, ÞÅÍ ÚÁ 3 �ÒÏÂÙ) É Ô.Ä.

íÅÎØÛÅÇÏ ÞÉÓÌÁ ÍÏÖÅÔ ÎÅ È×ÁÔÉÔØ: ÅÓÌÉ × �ÅÒ×ÙÊ ÚÁÍÏË ×ÓÔÁ×ÉÔØ ÔÏÌØËÏ ÔÒÉ ËÌÀÞÁ, ÔÏ ÍÏÖÅÔ ÏËÁÚÁÔØÓÑ, ÞÔÏ

ÎÉ ÏÄÉÎ ÉÚ ÎÉÈ ÎÅ �ÏÄÏÊÄ£Ô, É ÌÀÂÏÊ ÉÚ ÏÓÔÁ×ÛÉÈÓÑ ÍÏÖÅÔ ÂÙÔØ ËÌÀÞÏÍ ÏÔ �ÅÒ×ÏÇÏ ÚÁÍËÁ. �ÁËÉÍ ÏÂÒÁÚÏÍ, ÄÌÑ

Ï�ÒÅÄÅÌÅÎÉÑ �ÅÒ×ÏÇÏ ËÌÀÞÁ ÎÕÖÎÏ ÎÅ ÍÅÎÅÅ Þ£ÔÙÒ£È �ÒÏÂ. ðÏÓÌÅ ÜÔÏÇÏ ÄÌÑ Ï�ÒÅÄÅÌÅÎÉÑ ×ÔÏÒÏÇÏ ÎÕÖÎÏ ÎÅ ÍÅÎÅÅ ÔÒ£È

É Ô.Ä.
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