International Mathematics, Physics and Computer Science Teachers Olympiad
Almaty, January 10, 2020

1. Each of 100 people played one game with each of the other 99 people: chess with 33 people, checkers with another
33 people, and backgammon with the remaining 33. Prove that there are three people A, B, C such that A and B played
chess, B and C played checkers, C' and A played backgammon.

2. In a cyclic quadrilateral ABCD the bisectors of angles ACB, ADB, CBD, CAD are drawn. They intersect the
sides of the quadrilateral at points X, Y, Z, T. Prove that X, Y, Z, T are concyclic.

3. Prove that no quadratic trinomial can be represented as a product of a finite number of periodical functions.

The following two problems are presented with solutions, which may be partially or entirely incorrect. Review and mark
these solutions. Your marks should be fully explained.

4. The numbers a, b, ¢, d satisfy a® 4+ b? + ¢? + d? = 4. Prove that (2 + a)(2 + b) > cd.
Solution. Obviously the absolute values of a, b, ¢, d do not exceed 2.
Since ¢ 4+ d?> > 2cd we have a® + b? + 2c¢d < 4. On the other hand, a® 4+ b> > 2ab, therefore, if in the inequality

2ed <4—a?—b>=4—44+4+4a—4a+4b—4b— (a® +b*) + (a® + 1) — (a® +b?)

we diminish the subtracted term, the difference increases, thus 2cd < 4 — 4 + 4 + 4a — 4a + 4b — 4b — (a® + b?) + 2ab —
(a® +b%) = (8 + 4a + 4b + 2ab) — (2a® + 4a + 2) — (2b® + 4b + 2). The latter inequality can be written in the form
cd < (2+a)(2+b) — (a+1)%2 — (b+ 1)2. Discarding the subtracted squares can not diminish the right hand side, thus
cd < (2+a)(2+0b), qed.

5. A hotel manager has keys of five rooms. Unfortunately he lost the tags. What minimum number of trials is certainly
sufficient to find keys of all rooms?

OTBeT: 10.

Pemenmne. To find the keys in 10 trials, the manager can try all the keys with the first room (if 4 trials are unsuccessful,
the remaining key must be the right one, that is, finding the key of the first room can not require more than 4 trials), then
try the remaining keys with the second room (the right key is surely found in 3 trials) and so on.

Any smaller number of trials can be insufficient: if we try only three keys with the first room, they can be all wrong,
and each of the remaining two keys can be the right one. Therefore, to find the first key we need at least 4 trials. After that
we need at least 3 trials to find the second key and so on.



MexayHapogHas OJMMIONAAa yIUTeJer MaTeMaTUKH, (GU3NKHA U HHOOPMaTHKH
Aamamur, 10 ansaps 2020 e.

1. Kaxapim u3 100 genoBek cuirpaa ¢ ocTaabHBIME 99 00 MapTUy B HACTOJABHYIO UTPY: € 33 B IIAXMATHL, C 33 B INAIIKY
u ¢ 33 B HapAeL. JlokaxxuTe, 9TO Cpeau HuUX €CTh Tpu deaoseka A, B u C Takue, uTo A ceirpaa ¢ B B maxmarsl, B ¢ C' — B
mamku, a C ¢ A — B HAPIHL

2. Bo Bnucannom derwipéxyroabuuke ABC D nposegennt 6uccekrpuckl yraos ACB, ADB, CBD u CAD. Ouu ne-
PECeKaloT CTOPOHLI YeTLIPEXYrOALHMKA B TOYkKax X, Y, Z u T. [okaxwure, uro Touku X, Y, Z u T Jjexar Ha OLHOU
OKPY2KHOCTH.

3. [loxaxxkuTe, 9TO HUKAKON KBAAPATHHRIN TPEXUICH HEMb3A MPEICTABATL B BUAE MPOU3BEEHN KOHETHOTO YNCIA TePHU-
OIMIeCKUX (OYHKITUN.

Caenyrolnue nBe 3aJa4u IPENIATAIOTCA € YK HATUCAHHBIMU PEIIeHUAMI, BO3ZMOXKHO, YACTUYHO WU IMOJHOCTHIO OIIU-
60uneivu. IIpoBepbTe u onenuTe >Tu pemrerus. Bamm oneHKr NOKHEBL OBITH IUCEMEHHO OOOCHOBAHHI.

4. Yucna a, b, ¢ u d Taxoss, a0 a® + b? + ¢2 + d*> = 4. oxaxwure, 110 (2 + a)(2 + b) > cd.
Pemenune. OueBUaIHO, MOIYIb KAXKIOTO U3 YUCET a, b, ¢ 1 d HE peBOCXOAUT 2.
Tak xak ¢ + d? > 2cd, maeem a? + b? + 2¢d < 4. C apyroit croponsl, a® + b2 > 2ab, u, ec1n B HepABEHCTRE

2cd <4—a® — bV =4—4+4+4a—4a+4b—4b — (a® + V%) + (a* + V*) — (a® + b?)

3aMEHUTH BEIYUTAEMOE MEHBIIMM, TO PA3HOCTH YBEAMIHTCA, MoaToMmy 2cd < 4 — 4 + 4 + 4a — 4a + 4b — 4b — (a® + b%) +
2ab — (a® + b%) = (8 + 4a + 4b + 2ab) — (2a% + 4a + 2) — (26> + 4b + 2). TlocrenHee HEPABEHCTBO MPEOOPA3YETCA K BULY
cd < (2+a)(2+b)— (a+1)?>— (b+1)?. Or6GpaceBas BEIMUTaEMbIE KBAIPATHI, KOTOPHIE HEOTPULATEILHEL, MBI HE YMEHDBIIAM
IPaBYIO 9aCTh, caenoBarensto, cd < (2 + a)(2 + b), 4ro u TpeGoBAIOCH JOKA3ATD.

5. Y koMmeHgaHTa OOIIEXKUTUA ECTh CBA3KA C KAIOYAMU OT OATH KOMHAT. K COXAIEHUIO, OUPKU OT KJIIOYEN OTOPBAHBI.
Kaxoro HamMeHBIIero KOJMIecTBa MPo0 XBATUT, ITOOH Y3HATH, KAKON KIHOY OT KAKOU KOMHATHI!

Oreet: 10.

Pemenne. 3a 10 mpo6 kiIoum MOXKHO TOI06PATH TaK: MOCIENOBATEIBHO BCTABIATEH KIKYN B MEPBLIM 3aMOK (€can
nepBbie 4 KI04Ya He TOAOUAYT, TO IMATHIA MapaHTUPOBAHHO MOAX0IUT, CICIOBATEILHO KII0Y OT HTOr0 3aMKa Oy IeT onpeneaén
He Gosee, 1eM 3a 4 IPOGBL), OTIOKUTE K09 OT IIEPBOI'0 3aMKa, & OCTAIBHBIE IOCIE0BATENLHO BCTABIATH BO BTOPOU 3aMOK
(HyXHBI K09 OyI€T ONPEeTéH He 60Jee, 9eM 3a 3 MPOOKL) U T. 1.

MeHnbIero 9ncIa MOXET He XBATUTDL: €CJIU B TMEPBLIM 3aMOK BCTABUTL TOJBKO TPU KIIOYA, TO MOXKET OKA3ATHCI, UTO
HU OIVH W3 HUX HE MOJOUAET, W JIOOOU U3 OCTABIIMXCA MOXKET OBITH KIIOYUOM OT MEPBOTO 3aMKa. TakuM O0pasoMm, mis
OIIpeNeIeHNs TEPBOT0 KII0YA HYKHO He MeHee I6ThIpEX mpob. Ilocae »Toro mia onpeneaeHns BTOPOro HyKHO He MeHee TPEX
U T.OI.
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