o ‘ INTERNATIONAL MATHEMATICS, PHYSICS AND
COMPUTER SCIENCE TEACHERS OLYMPIAD

Maremaruka. TpenepJiep Juracbl

Cizdepee exi OoNMHEH MY PAMBIH MANCOPMAAGD Y COIHDIAAODDL:

[. «Mamemamuranvix; 6onims (Nel—Ne ecenmepdi wwvizapyea,).

[I. «Odicmemenix 6onim»> (Nef—Ne6 ecenmep 0AUMNUGAIG HCAMMBIKMBIPYULLICHIHDIH,
KYHOCATKME HCYMDICOIHG DA2DMMan2aH,).

Batixay yaaxmoiev: 4 cazam.
Op ecen 10 ynatimen b6az2araHa0bL.

[ I. Mamemamuraavix, 66atMm

1. Tenuey. Bepinren rtenjeyai KaHaraTTaHIBIPATHIH OapJsblK (x,Y, 2,t) HAKTBHI CAHIAp
TOPTTIKTEPIH TAOBIHBIB:
1 2(1+x) . 3(1+x)(2+y) " A1+ 2)2+y)(3+ 2)

1+—+
x Ty TYZ Tyzt

= 0.

2. EYOB. BapJbik O0yTiH oH a, b »koHe ¢ cangaphsl yiiiH, ab 4+ bc 4+ ca = 5n OoJiaTbiHTail
Oepiiiren OYTiH OH N CaHbI YIIiH

EYOB(a,b) + EYOB(b, ¢) + EYOB(c, a)-nin

eH YJIKeH MYMKIH MOHIH aHbIKTaHbI3.

3. 'eomerpus. O nykreci cyitip OypoimTbl ABC yIIOypLIIIBIHA CHIPTTAll ChI3LLIFAH IIeH-
Oepin menTpi 6osichiH. () HyKTeci BOC ymOYpLIIIbIHA CHIPTTAll ChI3BLIFAH IeHOEp/Ie Kar-
ThIp, opi OQ) ockl menbep/IiH guamerpi. C'Q) Tysyinen M nmykreci, an BC kecingicinen N
aykreci ANC M TeprOyphIIib! HapaJuieaorpaMm dosarbiagail ajgbinrad. BOC yimOyphIIibl-
Ha CBIPTTail chI3bLIraH IeHoep xkoue AQ) men N M Ty3sysepi Oip HYKTe/e KUBLIBICATHIHBIH
JToJIeTI IEH]3.

[ II. Odicmemenix 60atM

4. Buccekrpuca. TyKbIPpBIMHBIH OPTYPJIL TOPT JI2JIeJJIEMECiH KeJITipiHi3:

AL — ABC' yumOypbIIIBIHBIH, ONCCEKTPUCACHI OOJICHIH, OHJIA

AL?> = AB- AC — BL - CL.




5. Kare i3gey. MaremMaTnkaJibIK OJUMITHA/Ia)1a MbIHA, €CEIl YChIHBLIJIbI:

 Ecerr_
1
f R— {20@’ 2022] dyHKIHsICH OapJblK € R yrmin

f(f(z)) =2’ f(z) —x +1

MapThIH KaHaraTTauabpa bl f(1) -aiH 6apJblK MyMKIH MOH/IEpiH TaOBIHBI3.

Temenie MaTeMaTHKAJIBIK KaTeaepi 001ybl MyMKiH «OKYIIBIHBIH, MITEITY » KOPCETiIIreH.
Erep OKyIIBIHBIH <«IIElTyi» Jypbic OoMmaca, oHja cebebiH TyCiHipin OapJiblK KaTesaep/ii
KOPCETIHI3 »KOHe JIyPhIC IIEeNyIH KeJTIPIHI3.

«lewyi». f(f(z)) =2?f(z) — x + 1 mendizin P(z) den beaziretimis.

P(1)-0i xapacmoipamvi3: :

Bydan

FUFFQ)) = (F(1))° = (1) + 1

) =(f0)° = fQ) + 13
(f(1)° = f(1) = f(1) +1=0;
FOFQ) —D(fQ) +1) = (F(1) — 1) = 0;
(f(1) = D)((f(1))*+ f(1) = 1) =0.
Corvimen,
(f(1) = DFQ)° +f(1)—1) =0 <=
f1)-1=o, fa) =1
(F))*+ f(1) =1 =0 ) ‘1§V3

«2Kayabwviy: 1,




6. Koopaunarusa. MaremMaTuKaIbIK OJUMIINAIA18 MBIHA €CEIl YChIHBLIIbL:

Kangait n1a 0ip ege 2022 xaja O6ap, oylapjblH Keiidipeysiepi »KoJjapMeH KOChLIFaH.
OpOip KaJjia »KOK JlereHjie yii backa KaJaMeH »KaJraHraH. byl »KojiapMeH eJijiiH Kes-
KeJIPeH KaJachblHAH 0Oacka KajachlHa Keryre Oosiajibl. (Oacka Kasajap apKbLIbl Jia
Kypyl My™Kin). Kes-kenreHn eki Kaja VIIiH €H KbICKA KOJ aHBIKTAI aJblHAbl. OChI
eH KbICKa OarbITTa CaHbl €H KOIl KaHIIIa »KOJI 00JIybl MYMKIiH?

TemeHn/ie OKYIIIBIHBIH, « TOJIBIK, eMecC MIermiMiy Oepiired. OKYIIbIHbIH »KYMbICBIH 2Ka/1Fa-
CTBIPBITI, €CENTIH TOJBIK IIbIFapy KOJIBIH KOPCeTiHi3. KoopamHammsga OKyIIBIHBIH, KY-
MBICBIH HaraJiay yKeHiHie O31Hi31iH Heri3/1e/reH YChIHBICTAPBIHBI3IbI OepiHi3 (o/mMIIaIa1a,
TOJIBIK TIBIFAPBLIFAH €Cell YIIiH, djerTerieil, 7 6aJia 6epiiret).

on k orcondapovr bap exi xasa apacvirdazv, er, Kucka 2Coadvl Kapacmouipuirol3. Bya
bazvim Ag otcone Ag xanrarapvin xocon, Ay, Ao, ..., Ap_1 KaraAaPbL APKDLAGL OMCIH.
Opbip A; xana eadeet A;_1 owcone A; i1 Kanraraporar backa xem dezende 6ip backa
KaAaMeH HCON apKbLAbL Kocviaadv. Onve B; den amatio (By, By, ..., By Kasaiapol
ap mypai boayor mindemmi emec. Onvin, yemine Ag otcone Ap Kaaarapvinor, apoipi
VuwiiHul Kasamen Kocoazan, catikecinwe Cy # By owcone C) # By.

Feep B; nemece Cj Karanrapvnviry ketioipeyi Aj-2e cotikec xeace, onda Aj-dan A;-
Ke (Hemece Kepicinuie) mikenell omy apkovlabl KoicKa atcos mabyea boaadv. Kapama-
watwowo. Jemer, B; nemece C; Kanarapoirony ewkaticvicsr A; Karaiapoinsiry eurka-
ColcvLMEN cotikec Keametiol.

B;-0uy xanacvinony 6ipt Aj-divy mepm wanacvimer Kocviacoin detiak, admanv A;, Ay,
A, orcone A, (i < m < n < p). Onda 0i3 A;j-dan Bj-2e omin, codan ketin A, -ea
bapoin , oAbl KHCKAPMA GAAMDI3.




o ' INTERNATIONAL MATHEMATICS, PHYSICS AND
COMPUTER SCIENCE TEACHERS OLYMPIAD

Mathematics. Olympiad trainers league

You are offered two sets of problems:
[. «Mathematical Set»» (problems Nel—Ne3 to solve).
1. «Methodical Sets (problems Ne5 — Ne7, includes tasks simulating a Math Olympiad

trainer professional activity).

Time allowed: 4 hours.
FEach problem is worth 10 points.

[ I. Mathematical Set

1. Equation. Find the set of all quadruplets (z,y, z,t) of real numbers which satisfy

1 2(1 1 2 4(1 2
L 2040 31+a)2+y)  4L+2)2+y)B+2)
L LY Yz xyzt

= 0.

2. GCD. Let n be a positive integer. Determine the maximum value of
GCD(a,b) + GCD(b, ¢) + GCD(c, a)

for positive integers a, b and ¢, such that ab + bc + ca = 5n.

3. Geometry. Let ABC be an acute triangle with circumcenter O. Point @) lies on the
circumcircle of triangle BOC and OQ) is a diameter of this circle. Point M lies on C'Q)
and point N lies on the interior of the line segment BC' in such a way that ANCM is a
parallelogram. Show that the circumcircle of triangle BOC and the lines AQ) and N M are
concurrent.

II. Methodical Set

4. Angle Bisector. Give four different proofs of the proposition below:

If AL is the angle bisector of triangle ABC then

AL?> = AB - AC — BL - CL.




5. Searching for mistakes. The following problem was proposed at Mathematical Olympiad:

 Problem

1
fR— [M 2022] is a function satisfying the following condition

f(f(z)) =2’ f(z) —x +1

for all € R. Find all possible values of f(1).

Below you can find «solution» to the problem given by a student. The «solution» may
contain mathematical mistakes. If the student’s «solution» is incorrect, then indicate all

the mistakes and give the correct solution.

«Solution». Let us denote the equation f(f(x)) = 22f(x) —x + 1 by P(x).

Considering P(1) we get
Hence

Using P(f(1)) we get:
FEC) = (W) = F(1) +1
F(1) = (F))" = f(1) +1
(1) = f(1) = fF(1) +1=0;
)= D) +1) = (f1) = 1) =0;
(F(1) = D((FW)* + fF(1) = 1) =0.

Finally, we obtain
f1) =1,

f1)—1=0, .
(F)P + f(1) —1=0 (1) = %ﬁ

—1++5
R

(fO) =D + ) -1) =0 =
)

«Answery: 1,




6. Coordination. The following problem was proposed at Mathematical Olympiad:

In a country, there are 2022 cities, some of which are connected by roads. Each city
is connected to at least three other cities. It is possible to travel from any city to any
other city using one or more roads. For each pair of cities, consider the shortest route
between these two cities. What is the greatest number of roads that can be on such a

shortest rout?

Below you can find a «partial solution» to the problem given by a student. Using the
result obtained by the student, complete the solution of the problem. Specify your proposals
at the coordination, with justification, for a possible assessment of the student’s «partial
solution» (full correct solution, as normal, is worth 7 points).

Consider the shortest route between two cities Ay and Ay which consist of k roads
and visits the cities A1, Ao, ..., Ax_1 consecutively. FEach of the cities A; has one or
more neighbour besides A;—1 u A1 which we call B; (note that the cities By, By, .. .,
By, do not have to be distinct). Moreover, Ay and Ay are connected to a third city,
say Coy # By and Cy # By respectively.

If one of the cities B; or C; equals one of the cities A;, then we could have found
a shorter route by going directly from A; to A; (or vice versa), which would be a
contradiction. Hence the cities B; and C; are not equal to any of the cities A;.

If one of the cities B; is connected to four cities A;, say B; is connected to A;, Ay,
A, and A, (i <m < n < p), then we can shorten the route by going from A; to B,
and then to A,,.




o ' INTERNATIONAL MATHEMATICS, PHYSICS AND
COMPUTER SCIENCE TEACHERS OLYMPIAD

MaremaTuka. JIura Tpeneposn

Bawm npedaaearomes dea broka 3adaruti:

[. «Mamemamuueckud 6a0k» (3adawu Nel—Ne3 O pewenus,).

1. «Memoduueckuii 6a0k» (3adavwu Nef—Ne6, sxarouaem 6 ceba 3adanus, MoJCAUPY-
W0ULUE NOBCEIHEBHYI0 PAOOMY MPEHEPL OAUMNUTCKO20 PE3EPEa,).

IIpodoastcumenvrocmy Kowkypca: 4 waca.
Kaorcdoe sadanue ouenusaemes 6 10 6a.an08.

[ I. Mamemamuuweckuti 640K ]

1. YpaBuenue. Haiitu Bce ueTBEpKU JefiCTBUTEIBHBIX duCes (T, Y, 2, 1), YIOBIETBOPSIIO-
e ypaBHEHUIO

2(1+ ) N 3(1+2)(2+y) N 414+ 2)2+y)(3+2)
LY rYz Tyt

= 0.

1
1+=+
T

2. HO/I. st 3a1aHHOTO 1IEJIOrO TOJIOYKUTEILHOIO YUCIa 1 OIPeIenTe HanboIbliee BO3-
MOXKHOE 3HaUCHNe

HO/I(a,b) + HOJL(b, ¢) + HOJl(c, a)
JUUIST BCEX TIeJIBIX IOJIOYKUTENbHBIX Yncesi a, b u ¢ Takux, 1ro ab + be + ca = 5n.

3. 'eomerpusi. Ilycts Touka O gBjsIETCs EHTPOM OKPYKHOCTH, OIMCAHHON OKOJIO OCT-
poyrosbHoro Tpeyrosabanka ABC. Touka () JexKuT Ha OKPY:KHOCTH, OIMHCAHHON OKOJIO
tpeyrosibanka BOC, npuaém O — auamerp 310it okpykHocT. Ha npsimoit C'() BbiOpana
touka M, a Ha orpeske BC' BoiOpana Touka N Tak, 4ro deTbipéxyrogbHuk ANCM —
napaJuiesiorpaMm. Jokarkure, 9T0 OKPYKHOCTD, OIICaHHAas 0KOJIO Tpeyroibanka BOC, a
Takzke npsaMble AQ u N M mepecekaloTcst B OJHOI TOYKE.

II. Memooduueckuti 6.10%

4. BuccekTpuca. [IpuBenre deThipe pa3JIMIHBIX CIOCO0A TOKA3ATE/IbCTBA YTBEPIK ICHIA:

[Tycts AL — 6uccexrpuca tpeyroybaunka ABC, Toria

AL?> = AB - AC — BL - CL.




5. Ilouck ommbok. Ha maremaTndeckoii ojuMIina/ie ObLia IIpeIoyKeHa 3a/1a9a;

1
Oyuknug f: R — [M 2022} VJIOBJIETBOPSIET YCJIOBUIO

f(f(z)) = 2°f(z) —x +1

st Beex © € R. Haidiure Bee Bosmozkubie 3nauenus f(1).

Huke mpuBejieno «penieHney» y4eHUKa, KOTOPOe MOYKET COJeprKaTh MaTeMaTuIecKne
omunbku. Ecan «perenney yueHnKa HEBEPHO, TO YKayKUTE BCe OIMIMOKM 1 IIPUBEIUTE BEPHOE
peliieHue.

«Pewenues. Obosnauum pasencmeo f(f(z)) = z*f(x) —x + 1 uepes P(x).

Pacemompum P(1):
Omcroda

Tenepov paccmompum P(f(1)):

FUF)) = (f) - (1)+1

)= (f) = F(1) +

) = f) = fF)+1=0;

1)( 1) +1) = (f1) -1) =0;
D)+ f1) = 1) =0.

Taxum obpasom,
(f) - D((FO)°+f1)-1) =0 <
f1)—1=0, - f1) =1,
PP+ -1=0 — |pay=1EVS

2
—1++5
"

«Omeems»: 1,




6. Koopannamnus. Ha maremarudeckoit oyimMminaie ObLIa IpeyIoyKeHa 3a1ada;

B nekoropoit crpane 2022 ropojia, HEKOTOPbIE M3 KOTOPLIX COEJIUHEHDLI JTOPOTaMMU.
Kaxkiplit Topos coeiuHéN 10 Kpaiineit Mepe ¢ TpeMs JpyrumMu ropojgamu. [lo srmwm
JIOporaM MOYKHO JI00paThCsi U3 JIDOOTO TOPOJIa CTPAHBI B JIDOOM Apyroii ropoj (Bos-
MOKHO, TIpOe3yKasi depes Jpyrue ropoja). st TrodbIX IByX rOPOIOB ONMPEIe/ NN Ca-
MBIl KpalTIalnit myTh MEXKIy ABYMs ropojamu. Kakoe Haubosbilee Iucjio JOpor
MOZKET ObITh B 9TOM KpaTdaiileM MapiipyTe?

Hmxke nmpuBeneno «vacTUYHOe pelileHuey ydennka. [lokakure Kak, MCIOIL3Ys I0-
JIYIEHHBIN 9TUM YYCHUKOM PE3YJIbTaT, 3aKOHUNTH PEIIeHUE 3a/1a9r. Y KayKUTe BO3MOYKHbBIE
Bamu npepoxkenust ¢ 000CHOBaAHUEM 110 OIIEHKE CTOMMOCTHU IPOJBUYKCHUS YICHNKA Ha KO-
Op/IMHAINH (38 MOJTHOE pellieHne 3a1a11 Ha OJIUMIIAJIe JaBajioCh, KaK 0OBIIHO, 7 GAJLIIOB).

Paccmompum naukpamuatiwutd mapupym mescdy 06yms 20podami, 6 KOmopom po6-
no k dopoe. Ilycmv amom mapwpym coedunsem zopoda Ag u A u npoxodum wepes
eopoda Ay, As, ..., Ap_1. Kaowcdwii 2opod A; coedunén dopozoti xoms 6wl ewé ¢ 00-
Hum 20podom cmpanvl, kpome A1 u Aiyq. Haszosém e2o B; (3amemum, wmo 20poda
By, Bi, ..., B ne obasameavno 6ce pasauunn). Boaee mozo, xasrcowil us 20podos
Ag u Ap coedenunvr ewé u ¢ mpemvum 20podom, coomeememesenro ¢ Cy # By u

Cy, # By.

Eeau waxoti-mo us 2opodos B; uau C; cosnadaem ¢ Aj;, mozada moorcno natimu bonee
Kopomkudl nymo, neperods nenocpedemesernno us A; 6 A; (uau 6 obpammom nanpas-
aeruw). Ilpomusopeue. 3navum, Hu 0dun us 20podos B; usu C; me cosnadaem Hu
C KaKuM U3 20podos Aj;.

IIyems odun uz 2opodos B; coedurnén c wemuipomsa 2opodamu Aj, donycmum c A;, Ay,
A, u A, (i <m<n<p). Toeda mol cmooicem YKoOPpOMUMb MAPUWPYM, NEPETO0A U3
A; 6 B;, a samem 6 A,.
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