VII International open creative contest for teachers and trainers
of the Olympic reserve of Mathematics, Physics and Informatics

ASTANA, 13-16 January 2025

Maremaruka. TpenepJiep jJuracbl

Cizdepee exi OONMHEH MY PAMBIH MANCOPMAAGD Y COIHDIAAODDL:

[. «Mamemamuranvr 6osims (Ne1-Nej ecenmepdi wwizapyea,).

[I. «Odicmemenir 6orims> (Nef—Ne6 ecenmep, 0AUMNUAOG IHCAMMBIKMDIPYULHLCOIHBLN
KYHOCATKME HCYMBICOIHG DA2DMMAan2aH,).

Batixay ysaxmoview: 4 cazam. Op ecen 10 ynatiea bazaranadv.

I. Mamemamuraawvix, 66atMm

1. KoHbI3IbIH casixaTbl. KoHBI3 ©3iHIH »KOJIbIH TeHKAOBLIPFra/bl YIIOYPBIITHIH Oip Te-
Oeciten Oacra/ibl. EHIIN op KajiaMjia KOHBI3 TeHKAOLIPFaJIbl YIIOYPBIIITHIH KAJIFaH eKi Te-
Oecicinin OipiHe YIIOYPBINITHIH KaObIpracbiMeH chipraHaiiabl. KoHb3abiH g0 20 HeMece 25
JKYpICcTeH Keilin OacTalKbl TOOeCiHe OpaIybIHbIH, BIKTUMAJIIBIFBIH TAOBIHbI3 .

Eckepry. Erep xonpiz 20 KypicreH Keilin OacTalKbl Tebere opaJica, 0J1 ©3iHIH OPbIH
ayBICTBIPYBIH TOKTATAIbI.
2. Tengey. 2° 4 3Y = 2°. TeHjieyiH KaHAFATTAH/IBIPATHIH OAPJIBIK (x,y, z) Tepic emec OyTiH
caHJap YIITIMH TaObIHbI3.

3. OdyHknoHaJABIK TeHAey. bapibik x,y € R cangapbl v
f(2%) f (V) + |z f (—zy?) = 3lylf (z%y) .

TeHJIeyiH KaHaraTTaHbpaTbid 6ap/bK f : R — R dyHKnusiapbia TabblHbI3.

4. Ymoypsia. ZBOC = 90° xone ZBAO = ZBCO 6onarbingait O HykTeci inminge op-
Hastackal ABC' ymOyphIIblH KapacThipailbik. Afitanbik M koHe N HYKTeIepi coifikeciHiie
AC xone BC' xeciniiepinin opracel 6oscein. ZOM N = 90° 60J1aTbIHBIH JT0JIEJIIEHI3.

II. Odicmemenix 60aiMm

5. Ecenti opTypJi oaicneH 1menty. Temenjie KopceTiireH ecenTid, TOPT 9PTYPJIi Iie-
IIIMIiH KeJITipiHi3:

2

KochIHIBIHBI TaObIHBI3: Sy, = 12 + 22 4+ ... + n?.

TekTey: Asramkbl n HATYPaJ CAHHBIH KBaJpaTTapbl KOCHIH/IBICHIHBIH (hOpPMYJIachiH
KOJIJIaHyTa pyKcaT eTiaMeiial. Bap bk merrimiaepe ojicTep op TypJii 60Iybl KepeK KoHe
HAKTBI JIOTUKAJIBIK, TI30EK KOPCETILIyl KaKer.



6. Koopaunarusa. MaremaTukaiaH oJIMMIINAJIA/1a KeJIecl TalChIPMa, YChIHBLIIbL:

ABC'D teprOypbIIIbI IEHTPI HYKTeci O0/1aThiH IIeHOepre imTeil chi3bliran. A Kone

TedeciHieri imKi OyphII OucceKTpucaaapbl X HYKTeciHae, B »KoHe Tebesepinjeri
inKi Oypblin OuccekTpucanapbl Y nykrecinje, C' ykone D Tebesepinjieri imki OypbIlr
onccekTpucasapnol Z nykrecinge, D xkone A tebesepineri OyphIn O1CCeKTPUcAIaphl
W HyKTecine KubLibica bl. AliTaabiK KoHe B D Ty3yiepi P HyKTecCiH/1e KIbLIBICAIbI.
X, Y, Z, W, O xoue P nykrejepi opTypJii O0JICHIH.

Erep P, X, Y, Z xone W 6ip menbep/in OONbIH/Ia ¥KaTca, COHJIA YKOHEe COHJIa FaHa
O, X, Y, Z, W aykresnepi 6ip meHOepis OOUbIHIA YKATaTbIHBIH JI9JIeJIIeHI3.

TemeHJ1e OKYIILIHBIH, « TOJIBIK eMecC MIermiMi» Oepiired. OKYIIbIHBIH »KYMbBICHIH YKaJ1Fa-
CTBIPBII, €CENTIH TOJBIK IIbLITapy »KOJIBIH KepceTinis. KoopmumHammsga OKYIIBIHBIH »KY-
MBICBIH DaFasiay »KOHIH/IE ©31HI3/[IH Heri3/e/IreH YChIHBICTAPBIHBI3IbI OepiHi3 (omMIIaIa1a
TOJIBIK, IIBIFAPBLIFAH €CeIl VITH, deTTerijeii, 7 ymai 6epiiren).

X, Y, Z, W, P owcone O nyxmenrepi xanoHowk KuMGCHHOA HCAMAMBIHOIH 02AEN-
detiik. Bya bec nyxmenir, 0ip wenbepdiy, 60TUvHIG HCAMAMBIHOIHOIH, WapMbL 60440DL.
Condoxkman ecep X, Y, Z, W owcone P nyxmenepi werbepdin, botivinda stcamadot
otcone O nyxmect de ocv, wenbepdi, botivinda srcamadv. [on corati, ecep X, Y, Z,
W owcone O nwyxmenept 0ip wenbepdiry, botivinda oscamca, onda P wyxmeci de con
wenbepde orcamadot.

Admanvrx, — emopvie mouku nepeceve-
nus ouccekmpuc yenos LDAC, LABC),
LBCD owcone LCDA 6ypoiwmapoiriviy,
ouccekmpucarapv,. ABCD  moepmbypoi-
WolHG  Copmmati Col3viazar WeRbEPMEH
exinwi pem A', B', C" oswcone D' nwyxme-

aepinde Kuvtavicevin. A’ orcone C' wyxme-
aepi BD  dozanapvinviry opmace, , an B’
oicone D' wyxmenepi — AC' dozanrapvirviny
opmacwt scone A'C" orcone B' D' mysyaepi
O nyxmecinde KubLABLCADL.




7. Karenep i3gey. Maremarukajjan oJmMalnaiaia Kejeci ecell YChbIHbLIIbL:

Ecen

650 HYKTeHI KAMTUTBIH, paJnychkl 16 6oaThiH JoHIeaeK OepiareH. JloHrenek iy, iniH-

Jleri JI9JI . HYKTeHI KAMTUTBIH 11IK1 paJInyChl 2-r'e, CBIPTKbI PaJINYyChl 3-Ke TeH caKnHa
TaObLIATBIHIAN N-HiH eH YJIKEeH MOHIH TaObIHbI3.

Temenjie MaTeMaTUKAJBIK KaTeaepi 00Iybl MYMKIH «OKYIIIBIHBIH IIEITyi» KopceTis-
red. Erep «OKyIIbIHBIH IIEILyis> Jypbic Oo/Maca, OHTa ce0ebiH TYCIHIipil OapJIbIK KaTe ep/Ii
KOPCETIHI3 KoHe JIyPbIC HIENTYIH KeJTIPIHI3.

; N L -
Bin ciuetliyiy Ta N
Admanok, C — paduycor 16 6osamoir, uenmpi O wyxmect boramoik doHzesek 60~

cavin, an Py, Py, ..., Psgso —wenbepdezi nykmenep borcoir. n = 13 6oramoiivir 0aaen-
detivk.

Bis xesdeticox O nwyxmecin A caxunacor C wenbepimen 0ip wykmede KublAbLCATbIH-
dati mandatimus. Admanrvx, X — cayuatinas 6eAuMUHA, NPEOCMABAAIOULAL KOAUYE-
cmeo ommeuennvir mouex Py, xomopoie A caxunacoirivir, iuinde opranackar By wyx-
MEAEPIHIY, Canbih bepemin ke3delicor wama boacvin. Biz X -mi unduxamopivik kes-
deticor, wamarapoviy, KocubHdvico, mypinde kecizde mypde Hcasa aAaMbL3:

650
X = ZXZ-, Mmyndago, X; =
i=1

1, eeep Pe A

0, xapama Kapcol srcazdatioa .

X, Ke30eticox wamacolHvlt, MAMEMAMUKANALE, KY TIML.
E[X;]=1-P[X; =1]+0-P[X; =0] = P[X; = 1]

_ Area(A) 3*-m—-2-m 5
~ Area(C) 1627 o565

Mamemamurasvis Ky mimMHir, col3oiKmolk Kacuemit Koa0aHCax:

650 650 5 5 _3250

ElX| = I T e —— > 11.
X ; i) ;256 256 256

X 0ymin can boramuinvin eckepeer, X = 12 6oradvl, sznu caxura 12 wyxmens xam-
mumuik caxura mabdvLiado. Jemex, n < 12.

2Kayabwi: 12.




VII International open creative contest for teachers and trainers
of the Olympic reserve of Mathematics, Physics and Informatics

ASTANA, 13-16 January 2025

Marematuka. Jlura TpesepoB

Bam npedaaearomesn dsa baoka sadaruii:

[. «Mamemamuueckud 6a0k» (3adawu Nel—-Nef dna pewenus).

[I. «Memoduueckuti 6a0k»> (3adawu Ne5—Ne7, srarouaem 6 ceba 3adanus, MoJCAUPY-
W0ULUE NOBCEOHEBHYI0 PAOOMY MPEHEPE OAUMNUTCKO20 PE3EPEA,).

Bpemsa xourypca: 4 waca. Kaotcdoe sadanue ouenusaemes 6 10 6a.a108.

I. Mamemamuueckuti 610K

1. IIyrentecTBue »KyKa. 7ZKyK HaumHaeT CBOII IyTh B OJIHOII 13 BEPIITNH PABHOCTOPOHHETO
TpeyroJibHIKa. Ha Kaxkjaom 1mare oH ciaydailHO BbIOMpaeT OJHY U3 JABYX JPYTHUX BEPIIUH U
IeperozaeT K Heil 110 cToOpoHe TpeyrojbHuka. Haiianre BeposaTHOCTD TOTO, 9TO 2KYK MOYKET
BEPHYTHCS B MCXOJIHYIO BEPIINHY POBHO 4epe3 20 miam 25 X0/10B.

IIpumeuanue. Ecin xKyk poBHO depes 20 X0JI0B TOCTUTAET HAYAILHON BEPITUHBI, OH OCTa~
HaBJIMBaeTCs 1 OOJIbIIIe HE COBEPINACT IepeMelIeHNnI.

2. YpaBaenue. Haiijgure Bce Tpoiiku (z,y, z) HEOTPUIATEIBHBIX MEIBIX UYHCEI, YIOB/Ie-

TBOPAIOMINX ypaBHeHHo 2% + 3Y = 22,

3. dynknuoHajibHoe ypaBHeHue. Haiitu Bce dynkimun f : R — R, koropble 1npu Bcex
z,y € R ynosnersopsior pasencrsy f (z2) f (v?) + |z|f (—zy?) = 3ly|f («%y) .

4. Tpeyroabauk. Pacemorpum tpeyrosbiauk ABC ¢ Toukoit O, pacio/ioyKeHHOl BHYTPH
uero, takoit uro ZBOC = 90° u LBAO = ZBCO. Ilycts M u N — cepe bl OTPE3KOB
AC u BC' coorBercrBenno. Jokazkure, uro ZOMN = 90°.

[ II. Memoduuweckuti 610k

5. Penienne 3amaum HeCKOJbBKUMH cmocobamu. llpupejure deTbipe pPasIMIHBIX
CcIIoco0a pelleHns 1peJICTaBJIeHHON HUZKE 3a/1a91:

Boranciure cymmy: S, = 12+ 22 4 ...+ n?.

Orpannyenunsi: HerocpencrsenHoe ncioJib3oBaHne CTaHIAPTHON (DOPMYJIBI JIJIsT CYMMBI
KBa/IpaTOB IIePBLIX N HATYPAJbHBIX UNCe] HEe JoIIycKaeTcs. Bce peleHus JI0JKHbBL Je-
MOHCTPUPOBATH YETKYIO JIOPMYECKYIO IEIOYKY U HCIO0JIb30BaTh Pa3Hble METOJIbI JIJIsl KarK-
JI0ro crocoda.



6. Koopamunarusga. Ha maremaruyeckoil osuMinajie ObLia IpeaozKeHa 3a/1a4a;

Yeroipéxyrobauk ABC D Brmcan B OKpyKHOCTB ¢ 1ieHTpoM oKpyzkHocTu O. [lycthb

OMCCEeKTPUCHI BHYTPEHHUX YIVIOB Ipu BepimmHax A m B mnepecekaioTcs B Touke X,
OMCCEeKTPUCHl BHYTPEHHUX YIVIOB Ipu BepiinHax B u C' nepecekaloTcs B TOUKe Y,
OMCcCceKTpUChl BHYTPEHHUX yIJIoB Iipu BepiinHax C' u D niepecekaroTcst B TOUKe Z, a
OMCCEeKTPUCHl BHYTPEHHUX YIVIOB Npu BepmuHax D u A nepecekaiorcss B Touke W.
Hauee, nycrs AC' u BD nepecekatorest B Touke P. IIpeanosoxkum, aro toukn X, Y,
Z, W,O u P pa3jIuadHbl.

Hokazkure, uro Toukn O, X, Y, Z u W jexar Ha OIHOI OKPY?KHOCTU TOI'IA U TOJIHLKO
torja, Koraa Toukn P, X, Y, Z u W jexar Ha OaHOIl OKPY?KHOCTH.

Himxke mpuBesieno «4acTuYHOE peleHney yacanka. [lokayknre Kak, NCIoOab3ys MOy YeH-
HBIIT 9TUM YUEHUKOM Pe3yJIbTaT, 3aKOHYUTL PeleHne 3a/iadn. Y KayKnuTe BO3MOKHbIe Barm
IpEeJIJIOYKEHNS ¢ 0O0CHOBAHUEM 110 OIIEHKE CTOMMOCTHU IIPOJIBUZKEHNSI YIeHNKa, Ha, KOOPIMHA~
nun (3a MOJTHOEe pellleHne 33/1a4i Ha OJTMMIINAJIE JIABAJIOCh, KaK 00BIYHO, 7 GAJLJIOB).

Muwi doxasrcem, wmo mouku X, Y, Z, W, P u O aescam Ha KOHUMECKOM CEUeHUU.
Omo bosee obulee ymeepoicoenue, NOCKOALKY NAMb MOUEK YHUKAALHO Onpedeadrom,
Konuveckoe cewenue. Taxum obpadom, ecau mouxku X, Y, Z, W u P aexcam na
OKPYHCHOCTIU, O IMA OKPYAHCHOCTNG ABAACNCA KOHUYECKUM ceveruem, u mowka O
maxotce aexcum Ha amot okpyotcnocmu. Tourno max oice, ecau mouxu X, Y, Z, W
u O speatcam na oOKpYACHOCMU, MO OHG makace 6ydem codeporcams mouky P.

IIycmo A, B, C' u D' — smopue
MOYKYU Nepecevenus OUCCEKMPUC Y208
/LDAC, ZABC, /BCD u ZCDA ¢ onu-
CaMHOT OKPYAHCHOCTNDIO YeMBLPETY20NDHU-
ka ABC'D coomeemcmeenno. Samemum,
umo A" u C" asasromes cepedunamu 08y

dye, obpasosarnvir moukamu BD, a B' u
D' — cepedunamu dye, coomeemcmeyio-
wur AC, max wmo npamvie A'C" u B'D’
nepecexaromes 6 mouxe O.




7. ITouck ommbok. Ha Maremarudeckoit oymmminaie ObLIa IpeJIoyKeHa 3a1ada;

Han kpyr pajgmycom 16, comepxkarmuit 650 oTMedenHbIX Touek. Haiiinre MakcnMasib-
HOe 3HAYEHUE N, IPU KOTOPOM CYIIECTBYET KOJIbIIO ¢ BHYTPEHHUM paJIlycoM 2 U BHEII-

HUM PaJILyCOM 3, KOTOpOe MOXKET IOKDPBITh KaK MUHUMYM 7i U3 OTMEYEHHBIX TOYEK
BHYTPU OKPY2KHOCTH.

Huxe npusejieno «penieHney ydeHUKa, KOTOPOE MOXKET CojeprKaTh MaTeMaTHIecKue
omunbku. Ecum «perenney yueHrnKa HEBEPHO, TO YKayKUTE BCE OIMIMOKN U MIPUBEJINTE BEPHOE
perenue.

ITyemo C — dannas oxpyotchocmsd paduycom 16 ¢ yenmpom O, a Py, Py, ..., Pgsy —
OMMEYEHHDIE MOYKU Ha oKkpyschocmu. Jokaoscem, wmo n > 13.

Mui cayuatinowm obpazom evioupaem yenmp O’ das xoavua A mak, wmobor A umeno
xomsa bv, 0odny obwyro mouky ¢ oxpyscrnocmuvro C. Hlycmo X — cayvatinas seauvuna,
nPedcmasAAULAA KOAUMECTNBO OMMEUEHHLT moyer P;, xomopwue aedcam eHympu
koavua A. Mo, mootcem evpazums X kak cymmy UHOUKAMOPHLT CAYUATHHLT BEAUNUH
cAeYIoUWUM 00pa3oM.

650
X =) X edeX;=
1=1

1, ecau Pe A

0, 6 npomusrom cayuae.
Mamemamuneckoe oorcudanue cayuatinoti seausurv, X; pagHo:

E[X;]=1-P[X; = 1]+ 0 P[X; = 0] = P[X; = 1]
_ Area(A) ¥ -m—-2>-m 5

Area(C) 1627 256

HC?ZOJL?)SQJZ AUHETHOCTD MATEMAMUYECKO20 OOfCUdCLHU.FL, noayvaem:

650 650

5 5 3250
EX] =S EX]=Y —— =650 — = " > 11.
X] ; X Z256 256 256

1=

IHockonvry X 0042110 ODIMD UEADIM YUCAOM, CYULELCTNEYEM MAKOE NONOHCENUE UEH-
mpa xoavua A, wmo X = 12, mo ecmvb natioémea Koavlo, K0mopoe nokpueaem Kax
MUHUMYM 12 ommevennvz mover. Caedosamenrvro, n < 12.

Omeem: 12.




VII International open creative contest for teachers and trainers
of the Olympic reserve of Mathematics, Physics and Informatics

ASTANA, 13-16 January 2025

Mathematics. Olympiad trainers league

You are offered two sets of problems:
. «Mathematical Sets» (problems Ne1-Ne3 to solve).
1. «Methodical Set»> (problems Ne5 — N7, includes tasks simulating a Math Olympiad

trainer professional activity).

Time allowed: 4 hours. FEach problem is worth 10 points.

[ I. Mathematical Set ]

1. Bug’s Journey A bug begins its journey at one vertex of an equilateral triangle. At
each step, it randomly selects one of the other two vertices and crawls along the side to
reach that vertex. Find the probability that the bug will return to its starting vertex after
exactly 20 moves or 25 moves.

Note. If the bug returns to the starting vertex exactly after 20 moves, it stops and does
not continue its journey.

2. Equation. Determine all the triples (x,y, z) of non-negative integers which satisfy the
equation
27 + 3V = 2%,

3. Functional Equation. Find all functions f : R — R which for all x,y € R satisfy
f(@?) £ (7) + l2lf (—2y®) = 3[ylf («%y) .

4. Triangle. Consider triangle ABC with a point O inside it such that ZBOC = 90°
and ZBAO = ZBCO. Let M and N be the midpoints of the segments AC' and BC,
respectively. Prove that ZOMN = 90°.

[ II. Methodical Set

5. Solving the problem in different ways. Provide four distinct ways to solving the
following problem:

Find the value of the sum: S,, = 12 + 22 + ... + n?.

Restrictions: Direct use of the standard formula for the sum of the squares of the first
n natural numbers is not allowed. All solutions should demonstrate clear reasoning and
involve unique methods.



6. Coordination. The problem below was given during a Mathematical Olympiad:

Let ABCD be a cyclic quadrilateral with circumcentre O. Let the internal angle
bisectors at A and B meet at X, the internal angle bisectors at B and C' meet at Y,
the internal angle bisectors at C' and D meet at Z, and the internal angle bisectors
at D and A meet at W. Further, let AC' and BD meet at P. Suppose that the points
X,Y, Z W, O and P are distinct.

Prove that O, X, Y, Z and W lie on the same circle if and only if P, X, Y, Z andW

lie on the same circle.

Below is a «partial solution» provided by a student for the given problem. Utilizing the
student’s obtained result, please finalize the solution to the problem. Clearly state your
suggestions in the coordination, along with justifications, for a potential evaluation of the
student’s «partial solution» (a fully correct solution, as usual, is worth 7 points).

contains P.

We will prove that the points X, Y, Z, W, P and O lie on a conic section. This is a
more general statement because five points uniquely determine a conic sections so if
X, Y,  Z, W and P lie on a circle then this circle is the conic section so O also lies
on this circle. In the same way iof X, Y , Z, W and O are on a circle then it also

Let A', B', C" and D' be the second
intersection of the angle bisectors of
/DAC, Z/ABC, /BCD and ZCDA
with — the circumcircle of ABCD,
respectively. Notice that A" and C' are
the midpoints of the two arcs of BD
and B and D' are the midpoints of arcs
corresponding to AC' so the lines A'/C" and
B'D" intersect in O.




7. Mistakes Identification. The problem below was given during a Mathematical Olym-
piad:

Given a circle with radius 16 that contains 650 marked points, determine the maximum
value of n such that there exists a washer (annulus or ring) with an inner radius of
2 and an outer radius of 3 that can cover at least n of the marked points within the
circle.

Below is the «solution» provided by a student, which may contain mathematical mistakes.
If the student’s «solutions is incorrect, please identify all mistakes and provide a correct
solution.

—

Let C be the given circle of radius 16, with center O, and let PPy, ...,FPs50 be the
marked points on the circle. Let us prove that n > 13.

We will randomly choose a center O for the washer (annulus) A in such a way that A
has at least one point in common with C. Let X be the random variable representing
the number of marked points P; that lie inside the annulus A. We can express X as
the sum of indicator random variables as follows:

650 .
1 F; e
X = ZXZ-, where X; =< ) fA
P 0, otherwise.

The expectation of the random variable X; is given by

E[X] =1 -P[X; =1 +0-P[X; = 0] = P[X; = 1]
_ Area(A) 3% -m—22.-7 5

~ Area(C) 1627 256
Using the Linearity of Exrpectation, we obtain:

650 650

5 5! 3250
ElX| = ElX;| = — = 650" === 11.
X ; [Xil 2256 256 256

1=1

Since X must be an integer, there must exist a position of the center of A such that
X = 12, w.e., there exists an annulus that covers at least 12 marked points. Thus,
n < 12.

Answer: 12.




