6“‘ INTERNATIONAL OLYMPIAD
° ' OF TEACHERS AND TRAINERS

Mathematics. Olympiad trainers league

You are offered two sets of problems:
[. «Mathematical Set»» (problems Nel—Ne3 to solve).
1. «Methodical Set»> (problems Ne5 — Ne7, includes tasks simulating a Math Olympiad

trainer professional activity).

Time allowed: 4 hours.
FEach problem is worth 10 points.

[ I. Mathematical Set ]

1. Sums. The set of 5 distinct positive integers is given: 1, 3, 5, 7, and X. There are exactly
24 different values of sums that can be obtained by adding two or more different numbers
from this set. These values of sums cannot be equal to the numbers in the set themselves.
Find the smallest possible value of X.

2. Equation. Solve the following equation:16x2+y + 16T = 1.

3. Polynomial. Given a polynomial P(z) with integer coefficients. It is known that the
equation P(z) = 20 has five distinct integer roots. How many integer roots does the
equation P(x) = 24 have?

4. Quadrilateral. A quadrilateral ABC'D is inscribed in a circle w. The tangent to w at
A intersects the ray CB at K, and the tangent to w at B intersects the ray DA at M.
Prove that if AM = AD and BK = BC, then ABCD is a trapezoid.

rII. Methodical Set

5. Solving the problem in several ways. Provide three different ways for solving the
problem presented below:

Find the remainder of dividing the polynomial P(z) = x20% — 322023 4 5220 — 7223
by Q(x) = 2® + 1.




6. Coordination. The problem below was given during a Mathematical Olympiad:

Let x € (0, 1) be an irrational number and z = 0,ajasas . . . its decimal representation.
Let N denote the number of distinct sequences aji1,aj12,...aj12023 of 2023
consecutive digits in the decimal representation of x. Prove that N > 2024.

Below is a «partial solution» provided by a student for the given problem. Utilizing
the student’s obtained result, please finalize the solution to the problem. Clearly state your
suggestions in the coordination, along with justifications, for a potential evaluation of the
student’s «partial solution» (a fully correct solution, as usual, is worth 7 points).

Let us denote by ny the number of distinct sequences aji1,aj42,...a51; of k
consecutive digits in the decimal representation of x. We will prove by mathematical
induction that ng, > k + 1.

Suppose that for some k > 1, the inequality n, > k + 1 holds true. We aim to show
that then ni1 = k + 2.

Let us assume that ngyw < k + 1. Notice that from each digit sequence of length
k, by adding one digit, we can obtain a digit sequence of length k + 1. Therefore,
N1 2 Mg 2 K+ 1.

Hence, we conclude that n, = np.1 =k + 1.

7. Mistakes Identification. The problem below was given during a Mathematical Olym-
piad:

For all z € R, the equation f(f(x)) = 2? —x — 1. holds. Determine all possible values
of f(f(£(0))).

Below is the «solution» provided by a student, which may contain mathematical
mistakes. If the student’s «solution» is incorrect, please identify all mistakes and provide a
correct solution.



Student’s «solution»

Let us substitute x = 0 into the original equation. We get. f(f(0)) = —1. From this,
we have

FUCf0)) = f(=1).
Now, let us plug in x = —1 into the original equation. Then f(f(—1)) =1 and
FU(=D)) = F(A).

Plugging in x = 1 into the original equation, we get f(f(1)) = —1 and

FUF(=1) = FQ).

Let A = f(—1) and B = f(—1). From the original equation and the last equations,
we obtain

A=f(f(B))=B*~B—1, B=f(f(A)=A>—A—1
Therefore,
A=f(f(B)=B>-B-1=(A>-A—-12—-(A*’-A-1) -1

Thus,
(A2—A-1P—-(A*-A-1)—-1-A=0;
AY =A% — A2 4 2A4+1 - A+ A+1-1—A=0;
A — 243 — 242+ 24 +1=0;
(A+1)(A%—3A4% + 34— 1) =0;
(A+1)(A-1)P°=0.
Therefore, we get f(f(f(0))) = f(—=1) = A £ 1.

Answer: f(f(f(0))) = 1.




6“‘ INTERNATIONAL OLYMPIAD
° ' OF TEACHERS AND TRAINERS

Maremaruka. Jlura TpeHepoB

Bam npedaazaromes dea baoxa 3adanui:

[. «Mamemamuueckud 6a0k» (3adawu Nel—Nej dna pewenus,).

I[I. «Memoduueckuti 6a0%»> (3a0auu Ne5—Ne7, sxarouaem 6 cebsa 3adanus, ModeAUPY-
WULUE NOBCEIHEEHYI0 PAOOMY MPEHEPE OAUMNUTCKO20 PE3EPEA,).

IIpodossicumenvrocms Konkypca: 4 waca.
Kaorcdoe sadanue ouenusaemes 6 10 6a.an08.

I. Mamemamuueckuii 6.0k

1. Umcaa. Jlan Habop u3 5 pasj miIHbIX HATYPaJIbHBIX ynces: 1, 3, 5, 7 n X . II3BecTHo, 9TO
MOXKHO IOJIYYUTH POBHO 24 Pa3HbIX 3HAUEHUN CyMM, CKJaJbIBasl JIBa MK 00Jiee PasHbIX
quces1 u3 3Toro Habopa. Hailijure HamMmeHblllee BO3MOXKHOE 3HadeHHe X, ecjId 3HaueHHUs!
CYMM HE MOTYT PaBHSTbCS caMUM YHCIaM U3 HabOpA.

2. Vpasrenue. Pemnrs ypasrenne: 167 7Y + 1671 = 1.

3. Muorounes. /[lan muorowren P(x) ¢ neibivu koaddurmertamu. 13BecTHO, 9T0 ypas-
werue P(x) = 20 umeer nsaTh pas/MdHbIX MEJbIX KOpHe#H. CKOJIBKO Pas/IMIHbIX IeJIbIX
KOpHeil mMeeT ypashenne P(x) = 247

4. Yerbipéxyroabuuk. Yeroipéxyroabunk ABC' D Briucan B oKpy»KHOCTB w. Kacareb-
Hast K w B Touke A nepecekaer jiya C'B B Touke K ,a KacaTesJbHas K W B ToOUKe B Iepecekaer
aya DA B rouke M. Hoxkaxkure, ato ecaiu AM = AD n BK = BC, to ABCD sasnsiercst

TPAaIICIHECIA.

II. Memoduueckuti 6.10%

5. Pemmenne 3amavum HeCKOJIbKUMU crmocobammu. [Ipusennure Tpyu pas3jMyuHbIX CIIOCODA
pelenns MmpeJcTaBJIeHHoil HuKe 3a/1a4u:

Haiitu octaTok or genenusi muorounena P(z) = 20?4 — 32202 4 5220 — 7223 na
Q(z) = 2* + 1.




6. Koopannamnus. Ha maremarudeckoit oyimMminaie ObLIa IpeyIoyKeHa 3a1ada;

[Iycts nano uppaimonaibioe uncio x € (0, 1), gecsTudnasi 3aMuch KOTOPOIO UMeeT
s & = 0,a1a0a3 . ... Ilycrb N 03HaUaeT KOIMYECTBO PA3JIMUHBLIX MOCICAOBATEILHO-

creil BUJa @11, ajy2, - - . Gj42023, cocToAmux u3 2023 nocienobBaTe/bHbIX IUQP HOCIe
3AIIATON B JlecaTHIHOM 3anucu yucia x. JJokaxure, uro N > 2024.

Hike npuBeneHo «vacTmdHOe pelleHmey ydeHnka. [lokakure Kak, HCIOJIb3Ys I10-
JIVUCHHBII 9TUM YUYEHHUKOM PE3YJIbTAT, 3aKOHYUTH PEHIeHHe 3a/1adi. Y KayKUTe BO3MOYKHBIE
Baru npejioykeHnsi ¢ 000CHOBaHUEM 110 OIEHKE CTOMMOCTH IPOJABUYKEHUsT YUCHUKa Ha KO-
opJmHAIN (3a MOJTHOE PEIeHne 3a/[a91 Ha OJTUMITHAJIE JIaBaJIOCh, KAK 00BITHO, 7 GAJIJIOB).

Q603Havum “eEPe3 Ny KOAUMECMGO  PA3AUMHBLL — nocaedosamenvrocmets  6uda
i1, Ajg2, - - Qjpp COCMOAWUT U3 Kk udywur nodpad vugp nocae sanamot de-
camuurot danucu wucaa x. Memodom mamemamuieckot: uHOYKUuL JoKaHCEM, UMO
ng Z k + 1.

Honycmum, wmo npu nexomopom k = 1 cnpasedauso nepasencmeo ng = k + 1.
Loxaotcem, wmo moada ny,1 >k + 2.

Honyecmum, wmo npy < k + 1. Samemum, wmo uz 4060t nociedosamesvrocmu
udywux nodpad yudp nocae 3anamot decamuurot 3anuct Yucia x OAuMns, k dobas-
AEHUEM 00HOT UUDPLL ML MOHCEM NOAYUUMD NOCACIOBAMEALHOCTIL UYWUL NO00-
pad yupp nocae zanamoti decamuvwnoti 3anucyu wucsa x daurv k + 1. ILloamomy
Nk41 >nk>k+1

Snavum, ng = npy = k + 1.

7. Ilonck ommbok. Ha maremarmaeckoil onnmina/ie ObLia IPeIIozKeHa 3a/1a4a;

st Bcex & € R Beinosineno pasenctso f(f(z)) = x

suaverus f(f(f(0))).

2_x—1. Haityinre Bce BOBMOMKHBIE

Himke npuBeieno «penieHney y4deHuKa, KOTopoe MOXKeT COJepKaTh MaTeMaTHuIecKue
omunbku. Kcm «perennesy yueHnKa HEBEPHO, TO YKayKUTE BCe OMTUOKN 1 IIPUBETUTE BEPHOE
pelieHue.



«Pentenue» yJyeHmkKa

Ilodemasum 6 ucxoonoe pasencmeo x = 0. Hoaywum f(f(0)) = —1. Omcroda
FF(£0)) = f(=1).

ITodcmasum 6 ucrodnoe pasencmeo x = —1. Toeda f(f(—1)) =1, u
FUF(=D) = F().

Ilodcmasum 6 ucrodnoe pasencmeo x = 1. Toeda f(f(1)) = —1, u

SU(f(=1))) = F(1).
O6osnaqum A = f(—1), B = f(—1). H3 ucxoonozo u nociednur pacencme noyum
A=f(f(B)=B*~B—-1, B=f(f(4)=4"-A-1
Caedosamenvio,
A= FHE)) = F el i i 1) — (| NPy
Cacdosamenio,

(A A-QfF—(A"—-A-1)—1-A=0;

AY =A% A2 4244+ 1 - A+ A+1-1—-A=0;
A — 243 242+ 24 +1=0;
(A+1)(A°-342+34-1) =0;

(A+1)(A-1)3=0.

Omcioda noaywaem f(f(f(0))) = f(-=1) = A+ 1.
Omsem: f(f(f(0))) = 1.




6“‘ INTERNATIONAL OLYMPIAD
° ' OF TEACHERS AND TRAINERS

Maremaruka. TpeHepJiep jJurachbl

Cizdepee exi OoNMHEH MY PAMBIH MANCOPMAAGD Y COIHDIAAODDL:

[. «Mamemamuranvir; 6onims (Nel—Nef ecenmepdi wwvizapyea,).

[I. «Odicmemenir 6orims> (Nef—Ne6 ecenmep, 0AUMNUAOIG IHCAMIMBLEMBIPYULLLCOIHBLN
KYHOCATKME HCYMDICOIHG DA2BIMMAN2aH,).

Batixay yaaxmoiev: 4 cazam.
Op ecen 10 ynatiea 6azararadvl.

I. Mamemamuxaavix, 66atMm

1. Camzmap. 5 op TypJii HATYPaAJILIK canaapaad TypaTbiH 1, 3, 5, 7, X KUbIHBI OepiireH.
Ochbl »KUbIHHAH €Ki HeMece OjIaH J1a KOIl CaHIap/bl KOCY apKbLIbI J0J1 24 op TypJii MoHIep/Ii
(cangap/pl) anyra 6osabl. Erep Oyt MoHIEP/IiH 9PKANCHICH KUBIHJIAFBI CAHIAPFA TeH eMeC
ekeHi Oeyrisii 6osica, oHa X CAHBIHBIH €H Killll MOHIH TaObLIHbI3.

2. Tenpey. Tereyi merminiz: 1671 + 16779 = 1.

3. Kenmymesik. Byrin kosddurmmentti P(x) kemmymiesiri 6epinren. P(z) = 20 Terye-
yinig 6ec opryp/i OyTin Ty6ipi 6ap exeni Genrimi. P(x) = 24 TenjeyiHiH KaHIa opTypJi
oyTin TyOipi bap?

4. Teproypsoinu. ABC'D TepTOyphIIbI w IIeHOEepiHe 1mTell ChI3bLIFaH. w meHbepine A
HYKTeciHeH »Kyprisiiren xkanama C'B coysecin K HyKTeciHjie, a1 w eHbepine B HyKTeciHeH
JKyprisiziren »kanama DA coynecin M mykrecinge Kusiabl. Erep AM = AD xone BK =
BC 6omca, onga ABC D Tpanenns 60JaTbIHBIH JOJIEIIEHIS.

rII. ddicmemenik 6eaim

5. Op TYPJi TOCiJIMEeH TamchbIpMaHbI OpPBIHAAY. TeMmeH e OepijireH TarchbpMaHbIH Op
TYPJIL VIII TOCLIMEH IIEeNIMIH KeJITIPIHI3:

P(x) = 22924 — 322923 4 5220 — 72% kenmymenirin Q(x) = 2? + 1 Kenmymreirine
OeJIreHieri KasibIrblH TaObIHbIS.




6. Koopaunarus. MaremMaTuKaIbIK OJUMIINAIA/18 MBIHA TallChIPMa YCHIHBLIIHL:

Onjpik Kazbliybl © = 0,a1a2a3 ... 6onatein x € (0,1) wppamnuoHaa caHbl Gepij-
IeH. X CAHBIHBIH OHJIBIK >Ka3bLIyblHJa yTipjaeHn Typran 2023 Tizdekrec mudpap

@41, Aj42, - - - Qjy2023 TYPingeri rizoexrepinin canbl N 0oscbin. N > 2024 6osaTbl-
HBIH JI9JIEJIJIEH]3.

TomeH e OKYIIBIHBIH, «TOJIBIK, eMec IrernriMi» OepijireH. OKYIIBIHBIH YKYMbBICBIH KaJIFa-
CTBIPBIII, €CEITIH TOJIbIK IIbIFapy »KOJIBIH KOPCETIHI3. KoopaumHammsiaa OKYIIBIHBIH, KY-
MBICHIH OaraJiay KeHiH e O31HI3/IIH Heri3/Ie/INeH YChIHBICTAPBIHBI3/IHI OePIHi3 (OIMMITHA 1A A,
TOJIBIK TIIBIFAPBLIFAH €Cell YIIiH, dieTTerifeil, 7 ynait oepiiren).

o )

N APKLLADL T CANbIHY, OHODIE JHCA3BLAYLHOGRYL Y Mipder Ketniel Qji1, i, - . . Gjik
mypindei k mizbexmec yupparapdar mypamun mizbexmep carvin benzinetivx . Ma-
MeMAMUKaNLE, undyxuyus adicimen ng = k + 1 6oamuvinoir danendeditk.

Admanvr xaticioip k > 1 ywin ng > k + 1 mencizdiei opvirdanadv, den ytizapatio,.
Onda ngy1 = k + 2 6oaramuvinvir danendediis.

Admanvr ng1 < k+ 1 60acoit. & canvinovit, 0nobK HCa3viAYbHIA2L 0COHAAT Y3biH-
dvievt k boramuin mizbexke 0ip yudpdi Kocy aprviave 0i3 yavirdviev, k + 1 bosamovir
mizoex anra aramvd. Condvkman ng1 = ng = k + 1.

Hemer, np =np1 =k + 1.

7. Kare i3zgey. MareMaTuKaJIbIK OJTUMIINA/Ia/a MbIHA TAlIChIPMa YCHIHBLIIbL:

Opbip x € R ymin f(f(x)) = 2? —x —1 renuiri opuinganaist. f(f(f(0)))-nin 6apibik
MYMKIH MOH/IEPIH TAOBIHbI3.

Temen ie MaTeMaTHKAJIBIK KaTeaepi 601yl MyMKIH «OKYHNTBIHBIH, MIENTY1» KOPCETiITeH.
Erep «OKyIIBIHBIH, IIeIryis gypbic OojMaca, oHJa ceOeOiH TYCIHIpiln OapJiblK KaTeep/
KOPCETIHI3 KoHe JIYPbIC MIENTYIH KeJTIPIHI3.



OKYUIBIHBIH, «IIIENLyi»

Tendixke x = 0 xoticar, f(f(0)) = —1 wweadw. Bydan

FU0) = f(=1).
Tendixke v = —1 xoticar, f(f(—1)) = 1 wweadw orcone

60.1a00L.
Tendixke x = 1 xoticar, f(f(1)) = —1 wweadv srcone

SFU(f(=1))) = f(1).
A= f(=1), B = f(—1) 6oacvm. Conev, mendixmepdi ecrepcer,
A=f(f(B)=B*~B—1, B=f(f(A)=4-4-1
Bydan,
A=f(f(B)=B>*-B-1=(A>-A—-1°2—-(A*-A-1) -1

Byadan,
(A2—A—-12—(A2—A—-1)—1—-A=0;
At =243 A2 42441 - A2+ A+1-1—A=0;
A — 243 — 242+ 2A+1=0;
(A+1)(A°—34% +34 —1) = 0;
(A+1)(A—-1)P°=0.

Hemer, f(f(£(0))) = f(=1) = A+1.
2Kayabwe: f(f(f(0))) = +1.
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